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ON THE MINIMAL FREE RESOLUTION
OF n+ 1 GENERAL FORMS

J. MIGLIORE AND R. M. MIRÓ-ROIG

Abstract. Let R = k[x1, . . . , xn] and let I be the ideal of n + 1 generically
chosen forms of degrees d1 ≤ · · · ≤ dn+1. We give the precise graded Betti
numbers of R/I in the following cases:
• n = 3;
• n = 4 and

∑5
i=1 di is even;

• n = 4,
∑5
i=1 di is odd and d2 + d3 + d4 < d1 + d5 + 4;

• n is even and all generators have the same degree, a, which is even;
• (
∑n+1
i=1 di)− n is even and d2 + · · ·+ dn < d1 + dn+1 + n;

• (
∑n+1
i=1 di)− n is odd, n ≥ 6 is even, d2 + · · ·+ dn < d1 + dn+1 + n and

d1 + · · ·+ dn − dn+1 − n� 0.
We give very good bounds on the graded Betti numbers in many other cases.
We also extend a result of M. Boij by giving the graded Betti numbers for a
generic compressed Gorenstein algebra (i.e., one for which the Hilbert function
is maximal, given n and the socle degree) when n is even and the socle degree
is large. A recurring theme is to examine when and why the minimal free
resolution may be forced to have redundant summands. We conjecture that if
the forms all have the same degree, then there are no redundant summands,
and we present some evidence for this conjecture.

1. Introduction

Let R = k[x1, . . . , xn] be a homogeneous polynomial ring over some field k, and
let I = (G1, . . . , Gd) be an ideal of forms of fixed degrees (not necessarily equal)
chosen sufficiently generally. A very long-standing problem in commutative algebra
is to determine the Hilbert function of R/I. Then a much more subtle question is
to understand all of the syzygies, i.e., to find the minimal free resolution of R/I. If
d ≤ n, then I is a complete intersection, and its minimal free resolution is given by
the Koszul resolution. So we assume d > n, which in particular means that R/I
is Artinian. A. Iarrobino and R. Fröberg have made conjectures about the Hilbert
function, and Iarrobino has made a conjecture for the minimal free resolution in
this case. One of the consequences of our work is to give a counterexample to the
latter conjecture.

Several contributions to this very difficult problem have been made. We first
discuss the Hilbert function. If d = n+ 1, then the Hilbert function is well known,
coming from a result of R. Stanley [28] and of J. Watanabe [29], which implies
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that a general Artinian complete intersection has the Strong Lefschetz property
(cf. Definition 2.2). We will discuss this shortly, but for now we do not yet assume
d = n + 1. The case n = 2 was solved by R. Fröberg [13]. The case n = 3 was
solved by D. Anick [1]. M. Hochster and D. Laksov [19] showed that a generically
chosen set of forms of the same degree span as much as possible in the next degree.
Note that this gives the value of the Hilbert function in the next degree, and it also
gives the number of linear syzygies of the forms. This was extended by M. Aubry
[2]. Also, R. Fröberg and J. Hollman [14] determined the Hilbert function for s
general forms of degree 2 if n ≤ 11, and for forms of degree 3 if n ≤ 8.

Apart from the work of M. Hochster and D. Laksov, nothing seems to be pub-
lished about the problem of finding the minimal free resolution for general forms.
This is the central problem which we address in this paper. We remark that very
different approaches to this subject are being carried out by Ben Richert and Keith
Pardue [26] and by Karen Chandler [8].

An analogous problem is the Minimal Resolution Conjecture [23]. A generic set of
points in projective space has so-called generic Hilbert function, which depends only
on the number of points. (Here by “a generic set of points” we mean corresponding
to a dense Zariski-open subset of the corresponding product of projective spaces.)
The Minimal Resolution Conjecture asked whether the entire resolution similarly
is the “expected” one, in the sense that the graded Betti numbers are the smallest
consistent with the Hilbert function. In particular, it requires that there not be any
“ghost” terms in the resolution, i.e., that consecutive terms in the resolution never
have a summand in common. (Ghost terms cannot be detected from the Hilbert
function alone.) A very interesting result, due to D. Eisenbud and S. Popescu [12],
is that this conjecture is not true! The first counterexample is the case of a generic
set of 11 points in P6, discovered in computational experiments by F. Schreyer,
where there is a summand R(−5) in both the third and fourth syzygies which does
not split off.

A generic set of eleven points in P6 lies on 17 independent quadrics. A natural
question is then whether 17 general quadrics in k[x1, . . . , x6] also pick up a ghost
term, or whether, in fact, it has the expected resolution. One can check that, in fact,
it does have the expected resolution (cf. [22], page 197). So the Artinian reduction
of a generic set of 11 points in P6 is not “general” enough, as an Artinian algebra,
to have the minimum possible Betti numbers consistent with the Hilbert function.
When one considers furthermore that the ideal of a generic set of points is generated
in either one degree or two consecutive degrees, while our ideals of general forms
have any fixed generator degrees, it is clear that these problems are rather different
despite the apparent similarities. Nevertheless, a surprising connection is developed
in Section 3 of this paper, using the work of A. Hirschowitz and C. Simpson [18] on
the Minimal Resolution Conjecture. Furthermore, the case of general forms all of
the same degree is an important special case that is closer to the problem of generic
points. In this paper we also consider this case (e.g., Corollary 4.4 and Theorem
5.4).

This question of whether ghost terms exist in the minimal free resolution was of
central interest to us in writing this paper. It is clear that they cannot be entirely
avoided. For instance, if our chosen degrees include two forms of degree 4 and
one of degree 8, then we naturally expect a Koszul syzygy of degree 8. So there
is a summand R(−8) in the first syzygy module which does not split off with the
summand R(−8) corresponding to the generator.
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A natural conjecture, due to A. Iarrobino [21], is that the ghost terms arising as
a result of Koszul syzygies should be the only kind of exception. Called the Thin
Resolution Conjecture, it says that “the minimal free resolution . . . is the minimum
one that is consistent with their (expected) Hilbert function; that is, the Koszul
resolution up to the smallest degree where” (R/I)i = 0 (cf. [22], page 197).

One result of our work is a clearer understanding of the fact that other ghost
terms do in fact arise! For instance, we show in Example 4.3 that when n = 3 and
for general forms of degree 4, 4, 4 and 8 respectively, the minimal free resolution is

0→

 R(−10)
⊕

R(−11)2

→


R(−8)3

⊕
R(−9)2

⊕
R(−10)

→
 R(−4)3

⊕
R(−8)

→ R→ R/I → 0.

We see that the R(−8) does not split off, as predicted above, but that furthermore
there is a summand R(−10) shared by the second and third modules, which also
does not split off. Notice that the Hilbert function of R/I is

1 3 6 10 12 12 10 6 2,

and that the summand R(−10) does not correspond to a Koszul syzygy.
A. Iarrobino informs us that the above example is a counterexample to his Thin

Resolution Conjecture, and furthermore that it is a counterexample to his published
statement [21] that the Thin Resolution Conjecture had been shown to be equivalent
to Fröberg’s Conjecture on the Hilbert function. Other examples of ghost terms
that arise can be found in Example 3.11, Example 4.3 and Example 5.7, but one
can produce more from the theorems.

This paper concerns solely the case of n + 1 general forms in k[x1, . . . , xn]. By
this we mean the following.

Definition 1.1. Let I = (G1, . . . , Gn+1), where degGi = di and d1 ≤ · · · ≤ dn+1.
We always assume that (G1, . . . , Gn) is a complete intersection, and that dn+1 ≤
(
∑n

i=1 di)− n. (This latter condition is assumed because otherwise Gn+1 is in the
ideal generated by the first n generators, and so I is a complete intersection.) When
we say that G1, . . . , Gn+1 are general forms in R, we mean that they belong to a
suitable dense open subset of Rd1 × · · · ×Rdn+1. Note that I is an Artinian almost
complete intersection.

Our first observation (which is not new) is that such an ideal I can be linked to a
Gorenstein ideal G via the complete intersection J defined by the first n generators
of I. In Lemma 2.6, we give some facts about the Hilbert function of R/G. One
is to note that the Hilbert function of R/G is strictly increasing until it attains its
maximum value, which occurs either once (“one peak”) or twice (“two peaks”), and
then is strictly decreasing. In particular, it is unimodal. Furthermore, we describe
exactly when R/G is a compressed Gorenstein algebra, i.e., the Hilbert function of
R/G is maximal, given the socle degree and the embedding dimension n.

It is worth noting that the Hilbert function has one peak if and only if the socle
degree

(∑n+1
i=1 di

)
− n is even. The technical condition for R/G to be compressed

is d2 + · · ·+ dn < d1 + dn+1 + n.
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As a consequence of Lemma 2.6, we show in Corollary 2.7 that A := R/G has
the Strong Lefschetz property. This is central especially for Section 5, where we
have our strongest results, because it allows us to compute the Hilbert function of
A/LA for a general linear form L.

We observe in Section 3 that a free resolution for R/I can be given in terms
of one for R/G (again this is not new), and that we can control to a large degree
the possible splitting off. So the problem is reduced to finding a minimal free
resolution for R/G. Sections 3, 4 and 5 give different approaches to this, for different
situations.

In Section 3, we first use a result (Corollary 3.5) of the first author and U.
Nagel [25], which gives the precise minimal free resolution for R/G when it satisfies
a condition that is slightly weaker than being compressed with Hilbert function
having only one peak. However, we only need it for the case when it is compressed
with only one peak. The referee has pointed out to us that in this latter situation,
the result also follows from [15], Proposition 16(iii), or [11], Theorem A1, since
these results show that the resolution is pure, the minimum one consistent with
the Hilbert function. We then determine exactly what splitting can occur for the
linked ideal, giving the minimal free resolution for R/I (Corollary 3.10).

The more difficult situation (still assuming that R/G is compressed) is when
the Hilbert function of R/G has two peaks, (i.e., the socle degree is odd). Here
the results of [25] do not give sharp bounds on the graded Betti numbers for R/G.
However, a result of M. Boij [5] on generic compressed Gorenstein algebras is helpful
here when n = 4. We generalize Boij’s result, giving the minimal free resolution
of a generic compressed Gorenstein algebra when n is even and the socle degree is
large (Proposition 3.13). In the case where n is odd and the socle degree is large,
we give bounds for the graded Betti numbers in Remark 3.14.

In section 4 we give a complete answer to the resolution problem for n = 3. Our
method is to apply the work of S. Diesel [10] to find the minimal free resolution for
the generic Gorenstein algebra with the known Hilbert function (coming only from
the choice of d1, . . . , d4), and then apply our methods to determine all the splitting
that occurs. The main result here is Theorem 4.2. Note that when n = 3, Diesel has
shown that the family of graded Artinian Gorenstein algebras with given Hilbert
function is irreducible. So it makes sense to talk about the generic Gorenstein
algebra with given Hilbert function. Diesel’s work in turn relied heavily on the
Buchsbaum-Eisenbud structure theorem [7].

In Section 5 we use a different result of the first author and U. Nagel [25] to
make a more subtle study of the minimal free resolution of the Gorenstein algebra
A = R/G when n > 3. Note that in general we can no longer assume that A is
compressed, which greatly complicates the problem. The procedure is the following.
First determine the Hilbert function of A/LA for a general linear form L, which
is known from the Weak Lefschetz property. Then determine the graded Betti
numbers of A/LA over R/(L). This information, together with the result from
[25], allows us to establish very good bounds for the graded Betti numbers of A.
A careful analysis then shows that these bounds are actually sharp! Finally, the
link to I is studied, and it is determined exactly what splitting occurs, resulting in
the minimal free resolution of the almost complete intersection R/I. This program
gives the following (Theorems 5.4 and 5.6):
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• Assume all n + 1 generators of I have the same degree, a. Let s(n, a) =
(n− 1)a− n. Then

– If n is odd, we give upper bounds on the graded Betti numbers of R/I
that may allow some ghost terms.

– If n is even and s(n, a) is odd, we give upper bounds on the graded Betti
numbers of R/I that may allow some ghost terms.

– If n is even and s(n, a) is even, then we give the precise minimal free
resolution for R/I.

• Assume that n = 4 and that
∑5

i=1 di is even. Then we give the precise
minimal free resolution for R/I.

We note that the approach of this section can be applied in other situations,
when the generators do not all have the same degree, but that the notation quickly
becomes overwhelming.

Most of this work was done while the first author was a guest of the University
of Barcelona, and he would like to thank the professors and students of the Depar-
tament d’Algebra i Geometria for their warm hospitality. The authors also thank
Karen Chandler, Tony Geramita and Tony Iarrobino for helpful references and com-
ments. Finally, the authors sincerely thank the referee for the careful reading and
helpful comments.

2. Hilbert function calculations

Let R = k[x1, . . . , xn], where k is an algebraically closed field (although we
remark that this hypothesis is needed only for §3 beginning with Proposition 3.13).
For any homogeneous ideal I ⊂ R, we denote the Hilbert function of R/I by
hR/I(t). If R/I is Gorenstein, we sometimes refer to I itself as being Gorenstein.
In this paper, for a numerical function f , we denote by ∆f the first difference
function ∆f(t) = f(t) − f(t − 1) for all t ∈ Z. From now on in this paper, an
ideal I shall denote an ideal with n+1 minimal generators, cutting out an Artinian
quotient (hence I is an almost complete intersection), and the generators of I will
be supposed to be general in the sense of Definition 1.1, i.e., our stated results
about an ideal of general forms hold on a suitable dense open set.

Definition 2.1. Let h = (h0, . . . , hs) be a sequence of positive integers. h is called
a Gorenstein sequence if it is the Hilbert function of some Gorenstein Artinian
k-algebra. h is unimodal if h0 ≤ h1 ≤ · · · ≤ hj ≥ hj+1 ≥ · · · ≥ hs for some j.
h is called an SI-sequence (for Stanley-Iarrobino) if it satisfies the following two
conditions:

(i) h is symmetric, i.e., hs−i = hi for all i = 0, . . . , b s2c;
(ii) (h0, h1−h0, h2−h1, . . . , hj −hj−1) is an O-sequence, where j = b s2c; i.e., the

“first half” of h is a differentiable O-sequence.

Definition 2.2. A standard graded Artinian k-algebraA =
⊕

i≥0Ai has the Weak
Lefschetz property (sometimes called the Weak Stanley property) if for each i, the
multiplication Ai → Ai+1 induced by a general linear form L has maximal rank.
A has the Strong Lefschetz property if for each i and each d ≥ 1, the multiplication
Ai → Ai+d induced by an Ld, for a general linear form L, has maximal rank.

It was shown by T. Harima [16] that a given finite sequence of integers h is
the Hilbert function of some graded Artinian Gorenstein k-algebra with the Weak
Lefschetz property if and only if h is an SI-sequence. We also remark that if we
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do not restrict to the Gorenstein case, the set of all possible Hilbert functions for
Artinian k-algebras with the Weak Lefschetz property was described in [17], and
this set coincides with the analogous set for the Strong Lefschetz property. It is not
known if these two sets coincide in the Gorenstein case.

Notation 2.3. Let I = (G1, . . . , Gn, Gn+1) ⊂ R be an ideal, where degGi = di for
1 ≤ i ≤ n+1, and G1, . . . , Gn+1 are general forms in the sense of Definition 1.1. We
will call I a general Artinian almost complete intersection of type (d1, . . . , dn, dn+1).

Remark 2.4. Let I be a general Artinian almost complete intersection of type
(d1, . . . , dn, dn+1). Without loss of generality, assume that d1 ≤ · · · ≤ dn+1. Be-
cause the forms are chosen generically, we may assume that J := (G1, . . . , Gn)
forms a regular sequence. If dn+1 > (

∑n
i=1 di) − n, then Gn+1 ∈ J (since it is

Artinian) and hence I = J , and the Hilbert function and minimal free resolution
of I are hence known (from the Koszul resolution). So without loss of generality,
from now on we assume that dn+1 ≤ (

∑n
i=1 di)− n.

The Hilbert function of R/I is well known, and we remind the reader of the main
idea. R. Stanley [28] and J. Watanabe [29] independently showed that a general
Artinian complete intersection J has the Strong Lefschetz property. Hence we have
hR/I(t) = max{hR/J(t)− hR/J (t− dn+1), 0}, and the values of hR/J (t) are known
thanks to the Koszul resolution. In particular, we have

Lemma 2.5. The maximal socle degree of R/I (i.e., the degree of the last nonzero
component of R/I) is

⌊
1
2

((
n+1∑
i=1

di

)
− n− 1

)⌋
,

where btc denotes the greatest integer less than or equal to t.

Proof. We have assumed that d1 ≤ · · · ≤ dn ≤ dn+1. Furthermore, we know that
the Hilbert function of R/J is symmetric and ends in degree

∑n
i=1 di−n. Hence the

“flat part” of the Hilbert function has length less than dn+1. Because of the Strong
Lefschetz property of R/J , the degree we are looking for is the greatest j for which
dim(R/J)j > dim(R/J)j−dn+1 . This is a slightly tedious but easy computation,
checking different parity cases. It requires only the facts mentioned, and not the
precise values of these dimensions.

The ideal J links I to an ideal G := [J : I], which is easily seen to be arith-
metically Gorenstein, using the standard mapping cone construction (cf. [27], [24]).
Since the Hilbert functions of R/J and of R/I are known, we can compute the
Hilbert function of R/G (cf. [9], [24]). More precisely, we have
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hR/G(t) = hR/J

(
(
n∑
i=1

di)− n− t
)
− hR/I

(
(
n∑
i=1

di)− n− t
)(2.1)

= hR/J

(
(
n∑
i=1

di)− n− t
)

−
[
hR/J

(
(
n∑
i=1

di)− n− t
)
− hR/J

(
(
n∑
i=1

di)− n− t− dn+1

)]
+

,

where we denote by [x]+ the maximum of x and zero. Since R/G is Gorenstein,
this Hilbert function is symmetric; so we only have to compute half of it.

For our purposes below we need to know precisely the number of degrees t for
which the Hilbert function hR/G(t) achieves its maximum value. We will say that
the Hilbert function has r peaks if there are r such degrees, and we will note that
these must occur consecutively (i.e., the Hilbert function is unimodal). We also
will need to know under what conditions the Hilbert function is compressed: that
is, R/G coincides with the polynomial ring up to the degree where hR/G attains
its maximum. Recall that we assume that I is a generally chosen almost complete
intersection throughout this section.

Lemma 2.6. Let G be the arithmetically Gorenstein ideal linked to I by the com-
plete intersection J as above.

(a) The socle degree of R/G is (
∑n
i=1 di)− dn+1 − n.

(b) The Hilbert function hR/G is unimodal, with one peak if (
∑n+1

i=1 di) − n is
even, and two peaks if it is odd.

(c) For all integers t ≤ (
∑n
i=1 di)−dn+1−n

2 , we have hR/G(t) = hR/J (t). By sym-
metry of hR/G, this completely determines hR/G.

(d) We have

hR/G(t) =
(
t+ n− 1
n− 1

)
for all integers 0 ≤ t ≤ (

∑n
i=1 di)− dn+1 − n

2

if and only if d2 + · · ·+ dn < d1 + dn+1 + n.

Proof. Clearly R/I and R/J first differ in degree dn+1. Since R/J ends in de-
gree (

∑n
i=1 di)− n, (a) follows immediately from a Hilbert function calculation as

indicated in (2.1).
For (b), note first that the parity does not change if we replace

∑n+1
i=1 di by∑n

i=1 di − dn+1. Because of (a) and the symmetry of the Hilbert function of R/G,
we know that the number of peaks of R/G will be odd if (

∑n+1
i=1 di) − n is even,

and even if (
∑n+1

i=1 di)− n is odd (once we have shown unimodality).
First assume that (

∑n+1
i=1 di) − n is even. We want to show that hR/G is uni-

modal with one peak, which by (a) and symmetry would have to occur in degree
(
∑n
i=1 di)−dn+1−n

2 . Using Lemma 2.5 and the formula (2.1), one quickly can check
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that for any t ≥ 0 we have

hR/G

(
(
∑n

i=1 di)− dn+1 − n
2

− t
)

= hR/J

(
(
∑n+1

i=1 di)− n
2

+ t

)
.

Because of our hypothesis that dn+1 ≤ (
∑n

i=1 di) − n, one can check that dn ≤
dn+1 ≤ (

∑n+1
i=1 di)−n

2 . Hence for t ≥ 0 the right-hand side of the above equation is
strictly decreasing. This proves (b) for (

∑n
i=1 di) − dn+1 − n even. Furthermore,

(c) is easy to check using the symmetry of hR/J .
If (
∑n+1

i=1 di)− n is odd, note that the fraction in the statement of (c) is not an
integer. The proof of (b) and (c) is identical to that of the previous case, simply
replacing (

∑n
i=1 di)−dn+1−n

2 by (
∑n
i=1 di)−dn+1−n−1

2 .
The proof of (d) follows immediately from (c) and a calculation, by setting

d1 >
∑n
i=1 di−dn+1−n

2 and simplifying.

Corollary 2.7. R/G has the Strong Lefschetz property.

Proof. We have J = (G1, . . . , Gn), I = J+(Gn+1) andG = [J : I] in the polynomial
ring R = K[x1, . . . , xn]. Thanks to the result of R. Stanley [28] and of J. Watanabe
[29], R/J has the Strong Lefschetz property. Now consider the exact sequence (not
graded)

0→ [0 :R/J Gn+1]→ R/J
Gn+1−→ R/J → R/I → 0
↘ ↗
I/J
↗ ↘

0 0

By Theorem 4.14 of [22], if A is a graded algebra with the Strong Lefschetz property,
then so is A/[0 : F ], where F is a general element of A. Therefore, the cokernel
I/J has the Strong Lefschetz property. But J is a complete intersection linking I
to G. So we have an isomorphism

I/J ∼= KG(n− d),

where KG is the canonical module of R/G and d =
∑n
i=1 di. Since R/G is Goren-

stein, KG is isomorphic to R/G up to twist. It follows that R/G has the Strong
Lefschetz property, as claimed.

3. First bounds for the graded Betti numbers

of an almost complete intersection

In this section we are interested in describing the minimal free resolution for a
general almost complete intersection in R = k[x1, . . . , xn].

First we consider the case where one of the generators has degree 1. Our approach
is the same as that of Lemma 2.6 and Corollary 2.7 of [17], although the result we
obtain in (b) is not explicit, as it is in [17] for the case of three variables. We
give the precise graded Betti numbers if dn+1 is large enough, and we show how to
reduce it to the same problem in a smaller polynomial ring otherwise.

Proposition 3.1. Let I = (L,G2, . . . , Gn+1) be a general almost complete inter-
section in R = k[x1, . . . , xn], with d1 = degL = 1, di = degGi for i ≥ 2, and
d2 ≤ · · · ≤ dn ≤ dn+1. Let J = (G2, . . . , Gn+1) and R̄ = R/(L), and let J̄ ⊂ R̄ be
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the reduction of J modulo L. Note that J̄ is a general almost complete intersection
in R̄ of type (d2, . . . , dn+1).

(a) If dn+1 > (
∑n

i=1 di)−n, then Gn+1 ∈ (L,G2, . . . , Gn); so I = (L,G2, . . . , Gn)
⊂ R is an Artinian complete intersection, and its minimal free resolution over
R is given by the Koszul resolution.

(b) If dn+1 ≤ (
∑n

i=1 di) − n, let J ′ = RJ̄ ⊂ R. Then J ′ is the saturated ideal
of an almost complete intersection ideal in R with depthR/J ′ = 1, and the
minimal free resolution of R/I is given by the tensor product of R/J ′ and
R/(L). In particular,

[torRi (R/I, k)]j = [torR̄i (R̄/J̄, k)]j + [torR̄i−1(R̄/J̄, k)]j+1

for 1 ≤ i ≤ n.

Proof. Part (a) is immediate from Remark 2.4. For part (b), note that I = J+(L) =
J ′+(L). The fact that J ′ is Cohen-Macaulay of depth one follows since J̄ is Artinian
in R̄. So L is not a zero divisor for R/J ′. So the graded Betti numbers of J ′ over
R are the same as those of J̄ over R̄. Note that TorR̄i (R̄/J̄, k) = TorRi (R/J ′, k) = 0
for i ≥ n.

For the remainder of this section, we will use in an essential way some results
from [25]. We first collect some notation.

Notation 3.2. Let R = k[x1, . . . , xn] and let I ⊂ R be a general Artinian almost
complete intersection of type (d1, . . . , dn, dn+1). As before, let J be the complete
intersection given by the first n generators of I, and let G be the linked Gorenstein
ideal. Let A = R/G.

For a graded R-module M , set [torRi (M,k)]j := dimk[TorRi (M,k)]j .
We set

s =
n∑
i=1

di − dn+1 − n,

α =
⌊
s+ 1

2

⌋
.

Note that s is the socle degree of A (Lemma 2.6) and α is the degree in which the
last peak (of which there are either one or two) occurs in the Hilbert function of
A. Since A has the Weak Lefschetz property (even the Strong Lefschetz property
– see Corollary 2.7), then we also have α = in[0 :A L] for a general linear form L,
where for a homogeneous ideal I, in(I) is its initial degree.

We will need the following results, which we specialize slightly for our purposes.

Notation 3.3. Let h = (1, h1, . . . , hs) be the h-vector of an Artinian k-algebra.
Let c ≥ h1 be an integer. Then there is a uniquely determined lex-segment ideal
I ⊂ k[z1, . . . , zc] =: T such that T/I has h as its Hilbert function. We define

βi,j(h, c) :=
[
torTi (T/I, k)

]
j
.

If c = h1, we simply write βi,j(h) instead of βi,j(h, h1).

Using the main result of [4] and [20], the following was obtained:
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Theorem 3.4 ([25], Theorem 8.13). Let h = (1, h1, h2, . . . , h`, . . . , hs) be an SI-
sequence where h`−1 < h` = · · · = hs−` > hs−`+1. Put g = (1, h1 − 1, h2 −
h1, . . . , h` − h`−1). Then we have:

(a) If A = R/G is a Gorenstein k-algebra with c = codimG and having h as
h-vector and an Artinian reduction which has the Weak Lefschetz property,
then

[
torRi (A, k)

]
j
≤


βi,j(g, c− 1) if j ≤ s− `+ i− 1,
βi,j(g, c− 1) + βc−i,s+c−j(g, c− 1) if s− `+ i ≤ j ≤ `+ i,
βc−i,s+c−j(g, c− 1) if j ≥ `+ i+ 1.

(b) Suppose the field k has “sufficiently many elements” (e.g., infinitely many).
Then there is a reduced, nondegenerate arithmetically Gorenstein subscheme
X ⊂ Pn = Proj(R) of codimension c whose Artinian reduction has the Weak
Lefschetz property and h-vector h, and with equality holding for all i, j ∈ Z in
(a). This subscheme can be constructed explicitly.

In the following result, the case of most interest for this paper is when s = 2`. In
this case, the Gorenstein algebras considered are also known as “extremal Goren-
stein algebras” or “extremely compressed Gorenstein algebras” of even socle degree
and maximum Hilbert function given the socle degree. As mentioned previously,
the case s = 2` also follows from [15], Proposition 16(iii), or [11], Theorem A1.

Corollary 3.5 ([25], Corollary 8.14). Let s, ` be positive integers, where either s =
2` or s ≥ 2`+ 2. Define h = (h0, . . . , hs) by

hi =



(
n−1+i
n−1

)
if 0 ≤ i ≤ `,(

n−1+`
n−1

)
if ` ≤ i ≤ s− `,(

s−i+n−1
n−1

)
if s− ` ≤ i ≤ s.

Let G ⊂ R be an Artinian Gorenstein ideal such that R/G has the Weak Lefschetz
property and Hilbert function h. Then the minimal free R-resolution of R/G has
the shape

0→ R(−s− n)→ Fn−1 → · · · → F1 → R→ R/G→ 0,

where

Fi = R(−`− i)αi ⊕R(`− s− i)γi and αi =
(
n+ `− 1
i+ `

)(
`− 1 + i

`

)
= γn−i.

Remark 3.6. a. In the language of this paper, ` refers to the first degree where
the peak is achieved, s is the last degree at which the Hilbert function is
non-zero, and s − ` is the last degree where there is a peak. The condition
s = 2` means that there is one peak, while the case s ≥ 2` + 2 means three
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or more peaks (which does not occur for us). In our situation,

s = (
n∑
i=1

di)− dn+1 − n,

` =


(
∑n
i=1 di)−dn+1−n

2 if (
n+1∑
i=1

di)− n is even,

(
∑n
i=1 di)−dn+1−n−1

2 if (
n+1∑
i=1

di)− n is odd.

b. The Hilbert function described in this corollary is the same as that of Lemma
2.6 (d). That is, it grows maximally up to degree `, is constant in the middle
degrees, and then decreases symmetrically. Hence h is the maximum Goren-
stein sequence of embedding dimension n, socle degree s and bounded above
by
(
n−1+`
n−1

)
.

c. The hypothesis given in Corollary 3.5 that R/G has the Weak Lefschetz prop-
erty is not needed in the case s = 2`, since the growth described is precisely
that of R up to degree `: this means that multiplication by a general linear
form is injective in this range, and the surjectivity in the other degrees comes
from the self-duality of R/G. In any case, we have seen that our G even
has the Strong Lefschetz property, hence in particular the Weak Lefschetz
property.

We now make the basic construction of this section, and then we will draw con-
sequences. We have a general almost complete intersection I = (G1, . . . , Gn, Gn+1)
with d1 ≤ · · · ≤ dn ≤ dn+1 ≤ (

∑n
i=1 di) − n, the complete intersection J =

(G1, . . . , Gn) ⊂ I, and the Gorenstein ideal G = [J : I]. Let d = d1 + · · · + dn.
Consider the minimal free R-resolution of R/J given by the Koszul resolution:

0→ Kn → Kn−1 → · · · → K2 → K1 → R→ R/J → 0,

where

Ki =
i∧(

n⊕
i=1

R(−di)
)
.

In particular, K1
∼=
⊕n

i=1 R(−di), Kn−1
∼=
⊕n

j=1 R(dj − d) and Kn
∼= R(−d).

Consider the minimal free resolution of R/G:

0→ R(−e)→ Fn−1 → · · · → F2 → F1 → R→ R/G→ 0,

where e = (
∑n

i=1 di)− dn+1 thanks to Lemma 2.6 (a).
Applying the mapping cone construction to the diagram

0 → R(−d) → Kn−1 → · · · → K2 → K1 → R → R/J → 0
↓ ↓ ↓ ↓ ↓ ↓

0 → R(−e) → Fn−1 → · · · → F2 → F1 → R → R/G → 0

gives a free R-resolution for R/I:

0→ F∨1 (−d)→
K∨1 (−d)
⊕

F∨2 (−d)
→

K∨2 (−d)
⊕

F∨3 (−d)
→ · · · →

K∨n−1(−d)
⊕

R(e− d)
→ R→ R/I → 0.

(3.1)
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A simple calculation gives that I has n+ 1 generators, in degrees d1, . . . , dn, dn+1,
as expected. The challenge is to determine how much splitting can occur and to
try to narrow down as much as possible what the free modules Fi can be. In any
case, we immediately obtain

Proposition 3.7. With the above notation, we have

[torRi (R/I, k)]j ≤ [torRn−i(R/J, k)]d−j + [torRn−i+1(R/G, k)]d−j.

The first term on the right-hand side of the inequality in Proposition 3.7 is
obtained from the Koszul resolution and is completely determined. The second
term can be bounded as follows:

Corollary 3.8. With the above notation we have

torRi (R/I, k)j ≤ torRn−i(R/J, k)d−j +Bn−i+1,d−j,

where Ba,b is the bound for [torRa (R/G, k)]b obtained in Theorem 3.4.

Corollary 3.8 is slightly too general for our purposes (usually). It assumes that
the “first half” of R/G is as bad as possible, while in our case it agrees with a
complete intersection. The “obvious” first place to look for splitting in Proposition
3.7 is to see if any of the generators Gi of J are minimal generators of G. If this
occurs, each such generator leads to a splitting off of a rank one free summand at
the end of the resolution of R/I. This need not happen, however, as illustrated by
the following example.

Example 3.9. Let n = 4, d1 = · · · = d4 = 5, d5 = 10. By Lemma 2.6 (b), this has
one peak, which, as one can compute, occurs in degree ` = 3. By Lemma 2.6 (d),
we have that the Hilbert function of R/G is

1 4 10 20 10 4 1.

Then Corollary 3.5 gives the minimal free resolution for R/G, and (3.1) gives the
following R-resolution for R/I:

0→ R(−16)25 → R(−15)52 →
R(−10)6

⊕
R(−14)25

→
R(−5)4

⊕
R(−10)

→ R→ R/I → 0.

So the type of splitting mentioned above does not occur. The only possible splitting
off would be the summand R(−10) at the beginning of the resolution. However,
since we have assumed that dn+1 ≤ (

∑n
i=1 di) − n (Remark 2.4) and the Gi are

chosen generically, G5 is a minimal generator of I and so this splitting off does not
occur either, and the above is the minimal free R-resolution of R/I.

In the next section, and in Example 3.11, we will see examples where overlaps
arise in other parts of the resolution and still cannot be split off.

The idea behind Example 3.9 leads to one situation where we can give a minimal
free resolution of a general almost complete intersection in any number of variables.
If one of the generators has degree 1, then we may pass to the analogous problem
in a ring of one fewer variable. So we will assume that our ideal is nondegenerate,
i.e., that d1 ≥ 2.

Corollary 3.10. Let I = (G1, . . . , Gn+1) be a general almost complete intersection
in R = k[x1, . . . , xn], with di = degGi and 2 ≤ d1 ≤ d2 ≤ · · · ≤ dn ≤ dn+1 ≤
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(
∑n

i=1 di)− n. Let d = d1 + · · ·+ dn. Assume that (
∑n+1

i=1 di)− n is even and that
d2 + · · ·+ dn < d1 + dn+1 + n. Then R/I has a free R-resolution of the form

0→ F∨1 (−d)→
K∨1 (−d)
⊕

F∨2 (−d)
→

K∨2 (−d)
⊕

F∨3 (−d)
→ · · · →

K∨n−2(−d)
⊕

F∨n−1(−d)

→
n+1⊕
i=1

R(−di) → R→ R/I → 0,

where Ki is the i-th free module in the Koszul resolution of R/(G1, . . . , Gn),

Fi = R(−`− i)αi+γi with αi =
(
n+ `− 1
i+ `

)(
`− 1 + i

`

)
= γn−i,

and ` is as defined in Remark 3.6. If ` + 1 = di for any 1 ≤ i ≤ n, then for
each such occurrence, there is a corresponding splitting off of a free summand from
F∨1 (−d) and K∨1 (−d). Except for such splitting, this resolution is minimal.

Proof. As we noted in Remark 3.6, Lemma 2.6 shows that the hypotheses on the
di are precisely what we need in order to apply Corollary 3.5, and we obtain s = 2`
and generators of degrees di, 1 ≤ i ≤ n + 1. The resolution was already observed
in (3.1).

The splitting off of summands of F∨1 (−d) when ` + 1 = di occurs since ` + 1
is the initial degree of G and J ⊂ G. So any such polynomial can be taken to
be a minimal generator of G. Hence it splits off, thanks to a usual mapping cone
argument.

Now we show that other overlapping terms do not split off. Because of the way
that the homomorphisms in the mapping cone are formed, there is no splitting off
between summands of K∨i (−d) and F∨i+2(−d), since there is no map between these
modules. (See Example 3.11.) There is no splitting off of summands of K∨i (−d)
and K∨i+1(−d), since the Ki come from a minimal free resolution, and similarly
there is no splitting off of summands of F∨i (−d) and F∨i+1(−d). We now check that
there is no possible overlap between summands of F∨i (−d) and K∨i (−d) for i ≥ 2
(we have already accounted for overlaps when i = 1).

Clearly it is enough to compare summands of Fi and Ki. Each summand of Fi is
of the form R(−`−i), while the summands of Ki are of the form R(−dr1−· · ·−dri).
So we have to show that it is impossible to have an equality of the form

d− dn+1 − n
2

+ i = dr1 + · · ·+ dri

for i ≥ 2, i.e., it is impossible to have d − dn+1 − n + 2i = 2dr1 + · · · + 2dri . Let
A > 0 be the integer such that d2 + · · ·+ dn = d1 + dn+1 + n−A. Then we have

d− dn+1 − n+ 2i = (d1 + dn+1 + n−A) + d1 − dn+1 − n+ 2i
= 2d1 + 2i− A
= 2dr1 + · · ·+ 2dri + (2d1 + 2i−A− 2dr1 − · · · − 2dri).

So the suggested equality holds if and only if

A = 2d1 + 2i− 2dr1 − · · · − 2dri
= 2[(d1 − dr1) + (i− dr2 − · · · − dri)].
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If i = 1, this could be strictly positive (if and only if d1 = dr1), as we have seen.
If i = 2, this could be nonnegative (if and only if i = 2 and d1 = dr1 = dr2 =
2) but not strictly positive. If i ≥ 3, this is strictly negative, and we have our
contradiction.

Example 3.11. Note that there can be “ghost” terms that do not split off, coming
from overlaps between K∨i (−d) and F∨i+2(−d). For instance, let n = 4, d1 = 3,
d2 = d3 = d4 = 5, d5 = 10. Then one computes ` = 2 and d = 18, and (3.1)
predicts a free R-resolution

0→ R(−15)16 →

 R(−15)
⊕

R(−13)3


⊕

R(−14)30

→

 R(−10)3

⊕
R(−8)3


⊕

R(−13)16

→

 R(−3)
⊕

R(−5)3


⊕

R(−10)
→ R→ R/I → 0.

Our observation above allows a splitting off of a summand R(−15), and Corollary
3.10 guarantees that the rest of the resolution is minimal, despite the overlap of
three copies of R(−13) in the second and third free modules in the resolution and
the overlap of one copy of R(−10) in the first and second. (We have already seen
in Example 3.9 that the summand R(−10) in the first module does not split off.)

The hypotheses of Corollary 3.10 guarantee that the Hilbert function of R/G
has one peak and R/G is compressed, respectively (Lemma 2.6 (b) and (d)). These
are enough to completely determine the minimal free R-resolution. We would like
to weaken these hypotheses as much as possible. One way is Corollary 3.8, where
these hypotheses are removed completely but a bound for the Betti numbers of
R/G is used, which greatly exceeds those appearing in our “general” situation.

We will make a slight improvement, allowing two peaks (by Lemma 2.6 no more
peaks can occur) but keeping the fact that the R/G is compressed. Note first that
in this situation the minimal free resolution is not uniquely determined just from
the Hilbert function.

Example 3.12. Consider the case n = 4, d1 = d2 = d3 = d4 = 4, d5 = 5. The
corresponding Gorenstein Hilbert function is

1 4 10 20 20 10 4 1.

Thanks to [25] the maximal possible graded Betti numbers are

0→ R(−11)→
R(−6)10

⊕
R(−7)15

→
R(−5)24

⊕
R(−6)24

→
R(−4)15

⊕
R(−5)10

→ R→ R/G→ 0,

while thanks to [5] the general such graded Betti numbers are

0→ R(−11)→ R(−7)15 →
R(−5)14

⊕
R(−6)14

→ R(−4)15 → R→ R/G→ 0.

So, we first need to determine the generic Betti numbers of certain Gorenstein
Artinian graded algebras. In [5], Corollary 3.10, M. Boij established the existence
of generic Betti numbers of compressed level algebras, and in Conjecture 3.13 he
guessed that the generic Betti numbers are as small as we can hope for. This
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conjecture was well-known for even socle degree, where it follows from the almost
purity of the minimal free resolution of R/G in that case.

Using the fact that the Minimal Resolution Conjecture (MRC) has been proved
for large numbers of points in any Pr by A. Hirschowitz and C. Simpson ([18]) and
that the canonical module of the homogeneous coordinate ring of points can be
identified with an ideal of the ring itself, we will prove (resp. partially prove) that
Boij’s Conjecture ([5], Conjecture 3.13) holds for compressed Gorenstein Artinian
algebras of even (resp. odd) embedded dimension n, initial degree t� 0 and socle
degree 2t− 1.

Proposition 3.13. Let A be a generic compressed Gorenstein Artinian graded al-
gebra of even embedding dimension n = 2p with initial degree t and socle degree
2t − 1. Assume n = 4, or n > 4 and t � 0. Then A has a minimal free R-
resolution of the following type:

0→ R(−2t− n+ 1)→ R(−t− n+ 1)α1 → ...→ R(−t− p− 1)αp−1

→

 R(−t− p)αp
⊕

R(−t− p+ 1)αp

→ R(−t− p+ 2)αp−1 → ....→ R(−t− 1)α2

→ R(−t)α1 → R→ A→ 0,

where

αi =
(
t+ n− 1
t+ i− 1

)(
t+ i− 2
i− 1

)
−
(
t+ n− 1
t+ n− i

)(
t+ n− i− 1

n− i

)

for i = 1, ..., p.

Proof. For n = 4, see [5], Proposition 3.24. Assume n = 2p > 4 and t � 0.
According to A. Hirschowitz and C. Simpson [18], there exists an integer π(n− 1)
(π(n−1) ∼ 6(n−1)3 log(n−1)) such that the MRC holds for a generic set of s > π(n−1)
points in Pn−1. Let X ⊂ Pn−1 be a generic set of

ρ(t, n) :=
⌈
t(t+ 1)...(t+ p− 1)(t+ p+ 1)...(t+ n− 1)

(n− 1)!

⌉

points. (For any x ∈ R, we set dxe := min{n ∈ Z | x ≤ n}.) Since t � 0, we have
ρ(t, n) > π(n− 1).

We first observe that

(
t+ n− 2
n− 1

)
≤ ρ(t, n) =

⌈
t(t+ 1)...(t+ p− 1)(t+ p+ 1)...(t+ n− 1)

(n− 1)!

⌉
<

(
t+ n− 1
n− 1

)
.
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In particular, R/I(X) has generic Hilbert function with initial degree t. As a result,
I(X) has a minimal free R = k[x0, ..., xn−1]-resolution of the following type:

0→

 R(−t− n+ 1)bn−1

⊕
R(−t− n+ 2)an−1

→
 R(−t− n+ 2)bn−2

⊕
R(−t− n+ 3)an−2


→ ....→

 R(−t− 2)b2
⊕

R(−t− 1)a2

→
 R(−t− 1)b1

⊕
R(−t)a1


→ R→ R/I(X)→ 0,

where

ai = max{0, h0(Pn−1,Ωi−1
Pn−1(t+ i− 1))− rk(Ωi−1

Pn−1)ρ(t, n)}
and

bi = max{0, rk(ΩiPn−1)ρ(t, n)− h0(Pn−1,ΩiPn−1(t+ i))}
for any i = 1, ..., n− 1 (see [18], pg. 2). Note that we set Ω0

Pn−1 = OPn−1 .
An intricate calculation shows that for any i we have

ai = max{0, h0(Pn−1,Ωi−1
Pn−1(t+ i− 1))− rk(Ωi−1

Pn−1)ρ(t, n)}

= max
{

0,
(
t+ n− 1
t+ i− 1

)(
t+ i− 2
i− 1

)
−
(
n− 1
i− 1

)
ρ(t, n)

}
and

bi = max{0, rk(ΩiPn−1)ρ(t, n)− h0(Pn−1,ΩiPn−1(t+ i))}

= max
{

0,
(
n− 1
i

)
ρ(t, n)−

(
t+ n− 1
t+ i

)(
t+ i− 1

i

)}
.

Furthermore,
• if p+ 1 ≤ i ≤ n− 1, then ai = 0;
• if 1 ≤ i ≤ p− 1, then bi = 0.
Hence, the minimal free R-resolution of R/I(X) has the form

0→ R(−t− n+ 1)bn−1 → .....→ R(−t− p− 1)bp+1 →
R(−t− p)bp

⊕
R(−t− p+ 1)ap

→ R(−t− p+ 2)ap−1 → .....→ R(−t− 1)a2 → R(−t)a1 → R→ R/I(X)→ 0,

where

ai =
(
t+ n− 1
t+ i− 1

)(
t+ i− 2
i− 1

)
−
(
n− 1
i− 1

)
ρ(t, n)

and

bi =
(
n− 1
i

)
ρ(t, n)−

(
t+ n− 1
t+ i

)(
t+ i− 1

i

)
.

Let A(X) = R/I(X) be the homogeneous coordinate ring of X . The canonical
module ωX of A(X) can be embedded as an ideal ωX ⊂ A(X) of initial degree t,
and we have a short exact sequence

0→ ωX → A(X)→ A→ 0,
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where A is a Gorenstein Artinian algebra of embedding dimension n with initial
degree t and socle degree 2t− 1 (cf. [6]). A straightforward calculation shows that

ai + bn−i = h0(Pn−1,Ωi−1
Pn−1(t+ i− 1))− h0(Pn−1,ΩiPn−1(t+ i))

=
(
t+ n− 1
t+ i− 1

)(
t+ i− 2
i− 1

)
−
(
t+ n− 1
t+ n− i

)(
t+ n− i− 1

n− i

)
.

Hence, applying the mapping cone construction to the diagram

0
↓

0→ R(−2t− n+ 1) → R(−t− n+ 1)a1 → ... →R(−t)bn−1→ ωX →0
↓ ↓ ↓ ↓

0→R(−t− n+ 1)bn−1→R(−t− n+ 2)bn−2→ ... → R →R/I(X)→0
↓
A
↓
0

we get the minimal free R-resolution of A:

0→ R(−2t− n+ 1)→ R(−t− n+ 1)α1 → ...→ R(−t− p− 1)αp−1

→

 R(−t− p)αp
⊕

R(−t− p+ 1)αp

→ R(−t− p+ 2)αp−1 → ....→ R(−t− 1)α2

→ R(−t)α1 → R→ A→ 0

with

αi =
(
t+ n− 1
t+ i− 1

)(
t+ i− 2
i− 1

)
−
(
t+ n− 1
t+ n− i

)(
t+ n− i− 1

n− i

)
for i = 1, ..., p.

Remark 3.14. Arguing as above, we can prove that the generic minimal free R-
resolution of a Gorenstein Artinian graded algebra A of odd embedding dimension
n = 2p+ 1 > 3 with initial degree t� 0 and socle degree 2t− 1 has the form

0→ R(−2t− n+ 1)→ R(−t− n+ 1)α1

→ ...→ R(−t− p− 1)αp ⊕R(−t− p)≤bp

→ R(−t− p+ 1)αp ⊕R(−t− p)≤bp → · · · → R(−t− 1)α2

→ R(−t)α1 → R→ A→ 0

with

αi =
(
t+ n− 1
t+ i− 1

)(
t+ i− 2
i− 1

)
−
(
t+ n− 1
t+ n− i

)(
t+ n− i− 1

n− i

)
for i = 1, ..., p and

bp =
(
n− 1
p

)
ρ(t, n)−

(
t+ n− 1
t+ p

)(
t+ p− 1

p

)
,

but we do not know if the overlap appearing in the middle of the resolution actually
occurs.
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We have already found the minimal free resolution of a general almost complete
intersection when the related Gorenstein algebra is compressed and has even socle
degree (Corollary 3.10). So without loss of generality, we will assume two peaks
(i.e., the socle degree

∑n+1
i=1 di − n is odd). The case n = 3 will be treated in the

next section. We now use Proposition 3.13 to give an analogous result when n = 4,
or when n is even and the socle degree 2`+1 of the related Gorenstein algebra R/G
is odd. We have

Proposition 3.15. Let I = (G1, . . . , Gn+1) be a general almost complete inter-
section in R = k[x1, . . . , xn], with di = degGi, 2 ≤ d1 ≤ d2 · · · ≤ dn ≤ dn+1 ≤
(
∑n

i=1 di)− n,
∑n+1
i=1 di − n odd and n = 2p. Let

d = d1 + · · ·+ dn,

` =
d− dn+1 − n− 1

2
.

Assume either that n = 4 and d2+d3+d4 < d1+d5+4, or that n > 4, d2+· · ·+dn <
d1 + dn+1 + n and `� 0. Then R/I has a free R-resolution of the form

0→ F∨1 (−d)→
K∨1 (−d)
⊕

F∨2 (−d)
→

K∨2 (−d)
⊕

F∨3 (−d)
→ · · · →

K∨n−2(−d)
⊕

F∨n−1(−d)

→
n+1⊕
i=1

R(−di) → R→ R/I → 0,

where Ki is the i-th free module in the Koszul resolution of R/(G1, . . . , Gn) and

Fi =

 R(−`− i)αi if 1 ≤ i ≤ p− 1,
R(−`− p)αp ⊕R(−`− p− 1)αp if i = p,
R(−`− i− 1)αn−i if p+ 1 ≤ i ≤ n− 1,

where

αi =
(
`+ n

`+ i

)(
`+ i− 1
i− 1

)
−
(

`+ n

`+ 1 + n− i

)(
`+ n− i
n− i

)
for i = 1, ..., p.

a. If ` + 1 = di for any 1 ≤ i ≤ n, then for each such occurrence there is a
corresponding splitting off of a free summand at the end of the resolution.

b. If n = 4, d1 = d2 = 2 and d3 + d4 = d5 + 3, then there is a splitting off of one
term of the form R(`+ 3− d) with R(−d3 − d4).

Except for such splitting off, this resolution is minimal.

Proof. The calculations are almost identical with those of Corollary 3.10, but there
is a difference in the reasoning. Here we will first prove the existence of an almost
complete intersection with the claimed resolution. Note that a priori this resolution
is not necessarily minimal, and the almost complete intersection is not necessarily
general in the sense of Definition 1.1. We then describe all the splittings off that
could conceivably occur for numerical reasons, and show that these in fact do occur.
After such splitting, by semicontinuity, the result must be the minimal free R-
resolution of a general almost complete intersection.
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Letting t in Proposition 3.13 be ` + 1, and since ` � 0, we have that for a
general compressed Gorenstein Artinian quotient of R = k[x1, . . . , xn] (n = 2p) of
socle degree 2`+ 1, the minimal free resolution is

0→ R(−2`− n− 1)→ R(−`− n)α1 → ...→ R(−`− p− 2)αp−1

→ R(−`− p− 1)αp ⊕R(−`− p)αp → R(−`− p+ 1)αp−1 → ...→ R(−`− 2)α2

→ R(−`− 1)α1 → R→ R/G→ 0,

where

αi =
(
`+ n

`+ i

)(
`+ i− 1
i− 1

)
−
(

`+ n

`+ n+ 1− i

)(
`+ n− i
n− i

)
for i = 1, ..., p.

Now, notice that such a general Gorenstein Artinian quotient has all its genera-
tors in degree `+1, and a simple calculation (using the hypotheses in the statement
of the proposition) shows that ` + 1 ≤ d1. Hence a complete intersection J ⊂ G
exists with generators of degrees d1, ..., dn. By a standard mapping cone argument,
the residual I = [J : G] is an almost complete intersection (Cohen-Macaulay of
height n with n+ 1 minimal generators). The discussion above shows that I has a
free resolution of the form claimed.

Now we consider splitting. The type of splitting mentioned in part a has already
been discussed. As we have already observed, the only possible splitting off comes
(in the resolution (3.1)) between a summand of F∨i (−d) and one of K∨i (−d). So
let us study the possible overlaps between summands of F∨i (−d) and of K∨i (−d)
for i ≥ 2. (We have already accounted in part a for overlaps when i = 1.) First we
make a numerical calculation.

Claim. Under the hypotheses of part b there is exactly one summand in common
between K∨2 (−d) and F∨2 (−d). If these hypotheses are not met, then there is no
other summand in common.

Arguing as in Corollary 3.10, we check that if n = 2p and 2 ≤ i ≤ p, then there
is no overlapping between summands of R(`+ i− d)αi and summands of

K∨i (−d) =
⊕

d1≤dr1<...<dri≤dn

R(dr1 + ...+ dri − d).

Assume now that n = 2p and p ≤ i ≤ n − 1. There is a summand in common
between R(`+ i+ 1− d)αn−i and

K∨i (−d) =
⊕

d1≤dr1<...<dri≤dn

R(dr1 + ...+ dri − d)

if and only if ` + i + 1 = dr1 + · · · + dri . Let A > 0 be the integer such that
d2 + · · ·+ dn = d1 + dn+1 + n−A. We have

A = 2d1 + 2i− 2dr1 − · · · − 2dri
= 2(d1 − dr1) + 2(i− dr2 − · · · − dri) + 1.

So, necessarily, we have i = 2 (and hence n = 4), and dr1 = dr2 = 2. Since we have
assumed d1 > 1, this forces n = 4, d1 = d2 = 2 and d3 + d4 = d5 + 3, as desired.

So after the splitting off of part a we have a minimal free resolution unless the
numerical conditions of part b hold. In this case we have to prove one more splitting
off.
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Assume that the conditions of part b hold. Then one checks that ` = 1. So
the Hilbert function of R/G is (1 4 4 1), and Proposition 3.13 gives that G is
generated in degree 2 and has 5 syzygies in degree 4. In fact, the minimal free
resolution of R/G is

0→ R(−7)→ R(−5)6 → R(−4)5 ⊕R(−3)5 → R(−2)6 → R→ R/G→ 0.(3.2)

One can check that the generators of I are of degrees 2, 2, d3, d4, d5, where d3 > 2.
Then J also has exactly two generators of degree 2, and hence exactly one first
syzygy of degree 4. It is the corresponding summand of K∨2 (−d) that we would like
to split off with a summand of F∨2 (−d). As before, our strategy will be to construct
a specific G and link which meet our needs, and then the same will hold for the
general case.

Let Z ⊂ P3 be a generic set of 5 points. Then Z is arithmetically Gorenstein
with Hilbert function

1 4 5 5 →
and minimal free resolution

0→ R(−5)→ R(−3)5 → R(−2)5 → R→ R/IZ → 0.

Let Q be a generally chosen form of degree 2. Then G := IZ + (Q) is the saturated
ideal of a height 4 Gorenstein ideal with Hilbert function (1 4 4 1) and minimal
free resolution (3.2) (obtained by a tensor product). Note that G has five linear
syzygies and five quadratic syzygies, and that IZ has five linear syzygies. Hence
the five linear syzygies of G are precisely the five linear syzygies of IZ , and the five
quadratic syzygies of G are the Koszul syzygies of Q with the five generators of IZ .
Now choose J to consist of Q, one quadric generator of IZ , and then general forms
in G of suitable degrees satisfying the numerical conditions (e.g., d3 = d4 = 4,
d5 = 5). This produces an I as desired, and clearly the Koszul syzygy of degree 4
for J is the one from G.

Since no further numerical overlap exists, the remaining resolution is minimal,
and hence is the minimal free R-resolution of the general almost complete intersec-
tion of type (d1, ..., dn+1).

Example 3.16. Suppose n = 4. Let I = (G1, . . . , G5) be a general almost com-
plete intersection in R = k[x1, . . . , x4], with di = degGi, 2 ≤ d1 ≤ d2 ≤ d3 ≤ d4 ≤
d5 ≤ (

∑4
i=1 di)−4 and

∑5
i=1 di−4 odd. Let d = d1 +d2 +d3 +d4 and ` = d−d5−5

2 .
Assume that d2 + d3 + d4 < d1 + d5 + 4. Then R/I has a free R-resolution of the
form

0→ R(`+ 1− d)a →



4⊕
i=1

R(di − d)

⊕
R(`+ 2− d)b

⊕
R(`+ 3− d)b


→


⊕

1≤i<j≤4

R(−di − dj)

⊕
R(`+ 4− d)a



→
5⊕
i=1

R(−di)→ R→ R/I → 0,

where we have a =
(
`+3

2

)
and b =

(
`+3

2

)
− 1.
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a. If ` + 1 = di for any 1 ≤ i ≤ 4, then for each such occurrence there is a
corresponding splitting off of a free summand at the end of the resolution.

b. If d1 = d2 = 2 and d3 + d4 = d5 + 3, then there is a splitting off of one term
of the form R(`+ 3− d) with R(−d3 − d4).

Except for such splitting off, this resolution is minimal.

Remark 3.17. Let I = (G1, . . . , Gn+1) be a general almost complete intersection in
R = k[x1, . . . , xn], with di = degGi, 2 ≤ d1 ≤ d2... ≤ dn ≤ dn+1 ≤ (

∑n
i=1 di)− n,∑n+1

i=1 di − n odd and n = 2p+ 1 > 3. Let

d = d1 + ...+ dn,

` =
d− dn+1 − n− 1

2
.

Assume that d2 + ... + dn < d1 + dn+1 + n and ` � 0. Then R/I has a free
R-resolution of the form

0→ F∨1 (−d)→
K∨1 (−d)
⊕

F∨2 (−d)
→

K∨2 (−d)
⊕

F∨3 (−d)
→ · · · →

K∨n−2(−d)
⊕

F∨n−1(−d)

→
n+1⊕
i=1

R(−di)→ R→ R/I → 0,

where Ki is the i-th free module in the Koszul resolution of R/(G1, . . . , Gn) and

Fi =


R(−`− i)αi if 1 ≤ i ≤ p− 1,
R(−`− p)αp ⊕R(−`− p− 1)≤bp if i = p,
R(−`− p− 2)αp ⊕R(−`− p− 1)≤bp if i = p+ 1,
R(−`− i− 1)αn−i if p+ 2 ≤ i ≤ n− 1,

where

αi =
(
`+ n

`+ i

)(
`+ i− 1
i− 1

)
−
(

`+ n

`+ 1 + n− i

)(
`+ n− i
n− i

)
for i = 1, ..., p and

bp =
(
n− 1
p

)
ρ(t, n)−

(
t+ n− 1
t+ p

)(
t+ p− 1

p

)
.

Moreover, if `+ 1 = di for any 1 ≤ i ≤ n, then for each such occurrence there is a
corresponding splitting off of a free summand at the end of the resolution.

4. The case n = 3

We now specialize to the case n = 3, and for simplicity of notation we will write
R = k[x, y, z]. The goal of this section is to find the minimal free resolution for any
general almost complete intersection I = (G1, G2, G3, G4) in R, with generators of
arbitrary degrees di = degGi. As before we assume that d1 ≤ d2 ≤ d3 ≤ d4 ≤
d1 + d2 + d3 − 3 (Remark 2.4).
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We begin with the resolution (3.1), which in our context now becomes

0→ F∨1 (−d)→


3⊕
i=1

R(di − d)

⊕
F∨2 (−d)

→
4⊕
i=1

R(−di)→ R→ R/I → 0,(4.1)

where d = d1 + d2 + d3, and the Fi come from the minimal free R-resolution of
R/G:

0→ R(−e)→ F2 → F1 → R→ R/G→ 0

with e = d1 + d2 + d3 − d4.
Our approach is similar to that of Proposition 3.15. We know the Hilbert function

of R/G, from which we can calculate all possible minimal free resolutions using [10].
The general such can be determined, and a link gives the resolution of the general
almost complete intersection.

Proposition 4.1. Let I = (G1, G2, G3, G4) be a general almost complete intersec-
tion in R of type (d1, d2, d3, d4) with d1 ≤ d2 ≤ d3 ≤ d4 ≤ d1 + d2 + d3 − 3. Let G
be the Gorenstein ideal linked to I by the complete intersection J = (G1, G2, G3).
Let

s = d1 + d2 + d3 − d4 − 3 and ` =
⌊s

2

⌋
.

a. We have maximal Hilbert function

hR/G(t) =
(
t+ 2

2

)
for all integers 0 ≤ t ≤ `

if and only if d2 + d3 < d1 + d4 + 3. In any case, the Hilbert function is
described in Lemma 2.6.

b. We have d2 > `+ 1.
c. For the general Gorenstein ideal G′ with the Hilbert function described in part

a, the minimal free resolution of G′ is described as follows.
Case I. d2 + d3 < d1 + d4 + 3 and d1 + d2 + d3 + d4 odd:

0→ R(−2`− 3)→ R(−`− 2)2`+3 → R(−`− 1)2`+3 → R→ R/G′ → 0.

Case II. d2 + d3 < d1 + d4 + 3 and d1 + d2 + d3 + d4 even:

0→ R(−2`− 4)→
R(−`− 3)`+2

⊕
R(−`− 2)δ

→
R(−`− 1)`+2

⊕
R(−`− 2)δ

→ R→ R/G′ → 0,

where δ = 1 if ` is even and 0 otherwise.
Case III. d2 + d3 ≥ d1 + d4 + 3 and d1 + d2 + d3 + d4 odd:

0→ R(−2`− 3)→
R(−2`− 3 + d1)

⊕
R(−`− 2)2d1

→
R(−d1)
⊕

R(−`− 1)2d1

→ R→ R/G′ → 0.
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Case IV. d2 + d3 ≥ d1 + d4 + 3 and d1 + d2 + d3 + d4 even:

0→ R(−2`− 4)→

R(−2`− 4 + d1)
⊕

R(−`− 3)d1

⊕
R(−`− 2)δ

→

R(−d1)
⊕

R(−`− 1)d1

⊕
R(−`− 2)δ

→ R→ R/G′ → 0,

where δ = 1 if d1 is odd and 0 otherwise.

Proof. Note that by Lemma 2.6, the knowledge of the Hilbert function up to degree
` determines the full Hilbert function of R/G by symmetry. The same lemma then
gives the values of hR/G(t), completing part a. Part b is an easy calculation.

For part c, we consider Case IV (the other three being similar but easier). We
note that we are in the situation where there are two peaks, but the Hilbert function
is not maximal for the entire first half.

We know that hR/G′(t) = hR/J (t) for all t ≤ ` (Lemma 2.6 (c)). Hence G′ and
J agree up to degree `. Since d2 > `+ 1, we get that the only generator is of degree
d1 in this range. (This holds for G, hence also for G′ by semicontinuity.) Hence
we can compute the Hilbert function of R/G′ as follows (we compute only the part
that is relevant to our subsequent calculation):

hR/G′(t) =



(
t+2

2

)
if 0 ≤ t < d1,(

t+2
2

)
−
(
t−d1+2

2

)
if d1 ≤ t ≤ `,

(symmetric) otherwise.

It is known (cf. for instance [10], Corollary 2.6) that in each degree, the negative
third difference, −∆3hR/G′(t), of the Hilbert function gives a lower bound for the
number of minimal generators of G′ in that degree. When the socle degree is even,
there is a G′ with precisely these minimal generators. When the socle degree s is
odd, one more generator may be needed, which occurs in degree s+3

2 , if the remain-
ing number of generators is even (since the total number of minimal generators
must be odd – cf. [7]). In Case IV, the socle degree is d1 +d2 +d3−d4−3 = 2`+ 1,
which is odd. We compute

∆3hR/G′(t) =


0 if 0 < t < d1,
−1 if t = d1,
−d1 if t = `+ 1,
≥ 0 otherwise.

This gives the result.

Note that Case I is really a special case of Corollary 3.10.

Theorem 4.2. Let I = (G1, G2, G3, G4) be a general almost complete intersection
in R of type (d1, d2, d3, d4). If d4 > d1 + d2 + d3 − 3, then G4 ∈ (G1, G2, G3)
and I is a complete intersection, hence has a Koszul resolution. So without loss of
generality, assume that d1 ≤ d2 ≤ d3 ≤ d4 ≤ d1 + d2 + d3 − 3. Choose F1 and F2

to be the free modules appearing in Proposition 4.1 (depending on the values of the
di, i.e., depending on which of Cases I-IV applies). Then, using these Fi, (4.1) is
a free R-resolution for I.

Furthermore, the following represent all the splitting off that occurs.
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I. If d2 + d3 < d1 + d4 + 3, d1 + d2 + d3 + d4 is odd and d1 + d4 = d2 + d3 − 1,
then one summand R(d1 − d) splits off at the end of (4.1).

II. Assume that d2 + d3 < d1 + d4 + 3 and d1 + d2 + d3 + d4 is even.
(i) If d1 + d4 = d2 + d3 − 2, then one summand R(d1 − d) splits off at the

end of the resolution.
(ii) If d1 = d2, d3 = d4 and ` is even (where ` is defined in Proposition 4.1),

then one summand R(d2 − d) splits off at the end of the resolution.
(iii) If d4 − d3 = d2 − d1 and ` is even, then one summand R(d1 − d) splits

off at the end of the resolution.
(iv) If the hypothesis of (ii) holds, then clearly the hypothesis of (iii) also holds.

In this case there is only one splitting off, by applying either (ii) or (iii).
Other than this, no two of (i), (ii) and (iii) can happen simultaneously.

III. If d2 + d3 ≥ d1 + d4 + 3 and d1 + d2 + d3 + d4 is odd, then one summand
R(d1 − d) splits off at the end of the resolution.

IV. If d2 + d3 ≥ d1 + d4 + 3 and d1 + d2 + d3 + d4 is even, then one summand
R(d1 − d) splits off at the end of the resolution.

Proof. The approach is similar to that of Proposition 3.15. In each of the four
cases, we start with the general Gorenstein resolution described in Proposition 4.1
and link with general forms in G of degrees d1, d2, d3 to produce an almost complete
intersection I of type (d1, d2, d3, d4). Thanks to (4.1) we have a free resolution for
I. We want to produce from it the minimal free resolution for a general almost
complete intersection of the same type.

Because the forms are general, if one of the di is the degree of a minimal generator
of G, there is a corresponding splitting off of the resolution. (We check below that
the numerical conditions given in the statement of the theorem give precisely this
situation.) This produces the claimed resolution in the statement of the theorem.
It is possible that there are still summands that numerically are candidates for
splitting off, in this free resolution.

Suppose that the general almost complete intersection of this type has further
splitting off. Then linking back gives a Gorenstein ideal whose minimal free resolu-
tion is smaller than the one described in Proposition 4.1, which is a contradiction.

So we have only to check that the numerical conditions in the statement of the
theorem are exactly what is required to have a generator of degree d1 or d2 (and
that both cannot happen simultaneously).

We saw in Proposition 4.1 (b) that d2 ≥ ` + 2; so in cases I and III the only
possibility is a splitting off of a summand R(d1−d). This is automatic in III, and it
is easy to check that in case I, we have d1 = `+1 if and only if d1 +d4 = d2 +d3−1.

In case II, we can check that d1 = `+ 1 if and only if d1 + d4 = d2 + d3 − 2. We
can also check that d2 = ` + 2 if and only if d2 + d4 = d1 + d3, which in turn is
equivalent to d1 = d2 and d3 = d4. Clearly, then, we cannot have both d1 = ` + 1
and d2 = `+ 2. Finally, we can also have d1 = `+ 2 if ` is even, and this happens
if and only if d4 − d3 = d2 − d1.

In case IV, we automatically get a splitting off of a summand R(d1−d). We can
again check that d2 = `+ 2 if and only if d1 = d2 and d3 = d4. However, this time
it is incompatible with the hypothesis d2 + d3 ≥ d1 + d4 + 3.

Example 4.3. Combining Proposition 4.1 and Theorem 4.2, it is easy to give
examples of general almost complete intersections which have “ghost” terms in the
resolution, i.e., summands which occur in consecutive modules in the minimal free
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resolution but cannot be split off. Some examples for (d1, d2, d3, d4) are (4, 4, 4, 8),
(5, 5, 6, 8) and (3, 6, 6, 7).

When there is such a ghost term, it is a summand R(`+2−d), which one checks
is R(−d1−d2−d3−d4)

2 ).
For instance, the minimal free R-resolution for (4, 4, 4, 8) is

0→

 R(−10)
⊕

R(−11)2

→


R(−8)3

⊕
R(−9)2

⊕
R(−10)

→
 R(−4)3

⊕
R(−8)

→ R→ R/I → 0

(here ` = 0). The summand R(−8) in the first and second free modules is clearly not
going to split off, since one represents a minimal generator and the other represents
a Koszul relation between two other generators. But the summand R(−10) in the
second and third free modules is an illustration of the phenomenon that we are
describing. To our knowledge this is the first counterexample to Iarrobino’s Thin
Resolution Conjecture [21].

A special case of interest is when the generators of our general almost complete
intersection all have the same degree, and here we record the minimal free resolution
in this case.

Corollary 4.4. Let I be a general almost complete intersection of type (a, a, a, a).
Then R/I has a minimal free R-resolution

0→ R(−2a− 1)a →

 R(−2a)3

⊕
R(−2a+ 1)a

→ R(−a)4 → R→ R/I → 0.

Proof. The argument is a simple application of the preceding work. The only thing
to note is that if a is even then δ = 1, and a summand R(−2a) is split off, but using
a summand from K∨1 (−d) rather than from F∨2 (−d).

5. Consequences of a more careful analysis of R/G

In this section we will first extend Corollary 4.4 to rings of higher dimension.
Our strongest result comes when this dimension n is even and a is also even, but we
also have results for the more general situation. These are contained in Theorem
5.4. These resolutions are very explicit. Our methods apply more generally, but
the computations and notation become very cumbersome. As a middle road, we
conclude the section with a result for n = 4 which carefully shows how to apply the
method of this section and an inductive approach to obtain the free resolution for
R/I, which is minimal “half” of the time.

The following result from [25] is crucial to our work in this section:

Proposition 5.1 ([25], Proposition 8.7). Let A = R/G be a graded Artinian
Gorenstein k-algebra, let L ∈ R be a general linear form, and let R̄ = R/(L).
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Let s be the socle degree of A, and let α = in[0 :A L]. Then, for all i ∈ Z,[
torRi (A, k)

]
j

=



[
torR̄i (A/LA, k)

]
j

if j ≤ α+ i− 2,

≤
[
torR̄i (A/LA, k)

]
j

+
[
torR̄n−i(A/LA, k)

]
s+n−j

if α+ i− 1 ≤ j ≤ s− α+ i+ 1,[
torR̄n−i(A/LA, k)

]
s+n−j

if j ≥ s− α+ i+ 2.

This can be applied to our situation. Since the calculations are somewhat com-
plicated, we illustrate it with two examples before we proceed to a more general
statement.

Example 5.2. Let R = k[x1, x2, x3, x4] and let I be a general almost complete
intersection of type (4, 4, 4, 4, 4). Let J be the ideal given by the first four generators
and letG = [J : I] be the linked Gorenstein ideal. The Hilbert function ofA := R/G
is

1 4 10 20 31 20 10 4 1 0.

Let L be a general linear form. We have seen (Corollary 2.7) that A = R/G has
the Strong Lefschetz property, hence the Weak Lefschetz property. So the Hilbert
function of A/LA is

1 3 6 10 11 0.

We want to find the minimal free resolution of A/LA over R̄ = R/(L) ∼= k[x, y, z].
Note that the regularity of A/LA is 5. Hence it has a minimal free R̄-resolution

of the form

0→

 R̄(−6)c1
⊕

R̄(−7)c2

→
 R̄(−5)b1

⊕
R̄(−6)b2

→
 R̄(−4)a1

⊕
R̄(−5)a2

→ R̄→ A/LA→ 0.

Clearly a1 = 4, from the Hilbert function. The four generators in degree 4 are
the restriction J̄ of J , hence can be viewed as giving a general almost complete
intersection in R̄. b1 represents all linear syzygies of these four polynomials. From
Corollary 4.4, we see that J̄ has no linear syzygies, and so b1 = 0. This means that
the four generators in degree 4 span a subspace of dimension 3 · 4 = 12 in R̄5. So
we need 21 − 12 = 9 more generators in degree 5 and a2 = 9. Once b1 = 0, this
forces c1 = 0, since the smallest number is strictly increasing from one free module
to the next. Then by exactness one computes b2 = 23 and c2 = 11. So the minimal
free R̄-resolution has the form

0→ R̄(−7)11 → R̄(−6)23 →

 R̄(−4)4

⊕
R̄(−5)9

→ R̄→ A/LA→ 0.

Now we can use Proposition 5.1. In this case s = 8, and, thanks to the Weak
Lefschetz property, α = 4. We have discussed A/LA above and have computed the
minimal free R̄-resolution of A/LA. We conclude (after a calculation) that R/G
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has a minimal free resolution of the form

0→ R(−12)→

 R(−7)≤20

⊕
R(−8)≤4

→ R(−6)≤46 →

 R(−4)≤4

⊕
R(−5)≤20


→ R→ R/G→ 0.

A computation from the Hilbert function gives that the inequalities are in fact
equalities. Therefore we have the precise minimal free resolution of R/G.

To compute the minimal free resolution of R/I, note that we have linked using
four quartics, which are minimal generators of G. Therefore, using (3.1) we see
that we can split off four summands R(−12) from the end of the resolution of R/I.
The remaining resolution is

0→ R(−11)20 → R(−10)46 →

 R(−8)10

⊕
R(−9)20

→ R(−4)5 → R→ R/I → 0,

which is minimal.

Example 5.3. Let R = k[x1, x2, x3, x4] and let I be a general almost complete
intersection of type (5, 5, 5, 5, 5). Let J be the ideal given by the first four generators
and letG = [J : I] be the linked Gorenstein ideal. The Hilbert function ofA := R/G
is

1 4 10 20 35 52 52 35 20 10 4 1 0.

Let L be a general linear form. We have seen (Corollary 2.7) that A = R/G has
the Strong Lefschetz property, hence the Weak Lefschetz property. So the Hilbert
function of A/LA is

1 3 6 10 15 17 0.

We want to find the minimal free resolution ofA/LA over R̄ = R/(L) ∼= k[x, y, z].
Note that the regularity of A/LA is 6. Then precisely the same reasoning as in
Example 5.2 now gives that A/LA has a minimal R̄-resolution of the form

0→ R̄(−8)17 → R̄(−7)36 →

 R̄(−5)4

⊕
R̄(−6)16

→ R̄→ A/LA→ 0.

Now we can use Proposition 5.1. In this case s = 11, and, thanks to the Weak
Lefschetz property, α = 6. We have discussed A/LA above and have computed the
minimal free R̄-resolution of A/LA. We conclude (after a calculation) that R/G
has a minimal free R-resolution of the form

0→ R(−15)→


R(−8)y

⊕
R(−9)≤16

⊕
R(−10)4

→
 R(−7)19+y

⊕
R(−8)19+y

→


R(−5)4

⊕
R(−6)≤16

⊕
R(−7)y


→ R→ R/G→ 0,

where y ≤ 17. A computation from the Hilbert function gives that the inequality
“≤ 16” is in fact an equality, but it does not determine the value of y. Experiments
with Macaulay [3] indicate that in fact y = 0, but we have not been able to prove
this.
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To compute the minimal free resolution of R/I, note that we have linked using
four quartics, which are minimal generators of G. Therefore, using (3.1) we see
that we can split off four summands R(−12) from the end of the resolution of R/I.
The remaining resolution is

0→

 R(−14)16

⊕
R(−13)y

→
 R(−13)19+y

⊕
R(−12)19+y

→


R(−10)10

⊕
R(−11)16

⊕
R(−12)y


→ R(−5)5 → R→ R/I → 0.

As mentioned above, computations with Macaulay [3] indicate that y = 0.

This approach leads us to the following more general results, for the minimal
free resolution of a general almost complete intersection. We first consider the case
of general forms of the same degree, a. Our goal is to extend Corollary 4.4 to rings
of higher dimension. To this end we need to introduce some extra notation. For
any integers 0 < a, n ∈ Z, we set

s(n, a) = (n− 1)a− n,

`(n, a) =
⌊
s(n, a)

2

⌋
,

t(n, a) = max{t | `(n, a) + t− 1 ≥ ta},

αj(n, a) =
t(n,a)∑
i=0

(−1)i+j−1

(
n

i

)(
`(n, a) + n− 2 + j − ia

n− 2

)

−
j−1∑
r=1

(−1)r+j
(
n− 2 + j − r

j − r

)
αr(n, a),

defined inductively for 1 ≤ j ≤ n− 2,

αn−1 =
n−t(n,a)−1∑

i=2

(−1)iαn−i(n, a)

+
n−1∑

i=n−t(n,a)

(−1)i(αn−i(n, a) + βn−i(n)) + (−1)n,

βi(n) =
(
n

i

)
for i ≥ 1,

(
a

b

)
= 0 if a < b.
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Theorem 5.4. Let I be a general almost complete intersection in R = k[x1, . . . , xn]
of type (a, . . . , a), a > 1.

If n is odd, then R/I has a minimal free R-resolution bounded as follows:

0→

 R(`(n, a) + 1− na)α1(n,a)

⊕
R(`(n, a) + 2− na)≤αn−1(n,a)

→ · · · →
 R(`(n, a) + (n−1

2
)− na)

≤αn−1
2

(n,a)

⊕

R(`(n, a) + (n+1
2

)− na)
≤αn+1

2
(n,a)



→



R(−n+1
2
a)
βn+1

2
(n)

⊕

R(`(n, a) + (n+1
2

)− na)
≤αn+1

2
(n,a)

⊕

R(`(n, a) + (n+3
2

) − na)
≤αn−1

2
(n,a)


→



R(−n−1
2
a)
β n−1

2
(n+1)

⊕

R(`(n, a) + (n+3
2

)− na)
≤αn+3

2
(n,a)

⊕

R(`(n, a) + (n+5
2

)− na)
≤αn−3

2
(n,a)



→ · · · →


R(−2a)β2(n+1)

⊕
R(`(n, a) + n− 1− na)≤αn−1(n,a)

⊕
R(`(n, a) + n− na)α1(n,a)

→ R(−a)β1(n+1) → R→ R/I → 0.

If n is even and s(n, a) is odd, then R/I has a minimal free R-resolution bounded
as follows:

0→

 R(`(n, a) + 1− na)α1(n,a)

⊕
R(`(n, a) + 2− na)≤αn−1(n,a)


→ · · · →

 R(`(n, a) + (n2 )− na)≤αn2 (n,a)

⊕
R(`(n, a) + (n2 ) + 1− na)≤αn2 (n,a)



→


R(−n2 a)βn2 (n+1)

⊕
R(`(n, a) + (n2 ) + 1− na)≤αn2 +1(n,a)

⊕
R(`(n, a) + (n2 ) + 2− na)≤αn2 −1(n,a)



→ · · · →


R(−2a)β2(n+1)

⊕
R(`(n, a) + n− 1− na)≤αn−1(n,a)

⊕
R(`(n, a) + n− na)α1(n,a)


→ R(−a)β1(n+1) → R→ R/I → 0.
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If n is even and s(n, a) is even, then R/I has a minimal free R-resolution

0→ R(`(n, a) + 1− na)α1(n,a)+αn−1(n,a)

→ · · · → R(`(n, a) + (
n

2
)− na)2αn

2
(n,a)

→

 R(−n2 a)βn2 (n+1)

⊕
R(`(n, a) + (n2 ) + 1− na)αn2 +1(n,a)+αn

2 −1(n,a)


→ · · · →

 R(−2a)β2(n+1)

⊕
R(`(n, a) + n− 1− na)αn−1(n,a)+α1(n,a)


→ R(−a)β1(n+1) → R→ R/I → 0.

Proof. We proceed by induction on n. The case n = 3 is covered by Corollary 4.4,
and, even more, all possible splitting off does occur.

For arbitrary n, one first checks that the complete intersection J formed by
taking n of the generators of I links I to a Gorenstein ideal G with socle degree
s(n, a). According to Lemma 2.6, if s(n, a) is even, then there is only one peak,
occurring in degree `(n, a). If s(n, a) is odd, then there are two peaks, the first of
which is in degree `(n, a). Let A = R/G and let L ∈ R1 be a general linear form.

The Hilbert function of R/G is

hR/G(t) =



(
t+n−1
n−1

)
if t ≤ a− 1,(

t+n−1
n−1

)
− n ·

(
t−a+n−1
n−1

)
if a ≤ t ≤ `(n, a),

(symmetric) otherwise.

By the Weak Lefschetz property, the Hilbert function of A/LA is

hA/LA(t) =



(
t+n−2
n−2

)
if t ≤ a− 1,(

t+n−2
n−2

)
− n ·

(
t−a+n−2
n−2

)
if a ≤ t ≤ `(n, a),

0 if t > `(n, a).

Note that if R̄ = R/(L) and Ḡ = G+(L)
(L) , then A/LA ∼= R̄/Ḡ. We will compute the

minimal free R̄-resolution of A/LA.
We first observe that the regularity of A/LA is `(n, a) + 1 = b (n−1)a−n

2 c + 1.
Note also that (A/LA)i ∼= (R̄/Ḡ)i = (R̄/J̄)i for all i ≤ `(n, a) by Lemma 2.6. Since
R̄/J̄ is an Artinian almost complete intersection in R̄, by the induction hypothesis
we have very good bounds on the graded Betti numbers of R̄/J̄ .

We have seen that the minimal generators of G in degree ≤ `(n, a) agree with
those in J of degree ≤ `(n, a); hence all appear in degree a. Furthermore, since
regA/LA = `(n, a) + 1, the minimal free R̄-resolution of A/LA begins

· · · →
R̄(−a)n

⊕
R̄(−`(n, a)− 1)α1(n,a)

→ R̄→ A/LA→ 0.



ON THE MINIMAL FREE RESOLUTION OF n+ 1 GENERAL FORMS 31

Claim. (a) If 1 ≤ i ≤ t(n, a), then

[torR̄i (A/LA, k)]j =


βi(n) if j = ia,
αi(n, a) if j = `(n, a) + i,
0 otherwise.

(b) If n− 1 ≥ i > t(n, a), then

[torR̄i (A/LA, k)]j =
{
αi(n, a) if j = `(n, a) + i,
0 otherwise.

Proof of the Claim. The generators of A/LA occur in degrees a and `(n, a)+1, and
the generators of degree a of A/LA are precisely the generators of J̄ . So (A/LA)t ∼=
(R̄/J̄)t for all t ≤ `(n, a), and we deduce that [torR̄i (A/LA, k)]j = [torR̄i (R̄/J̄, k)]j
for all j ≤ `(n, a) + i − 1. Furthermore, we have very good bounds on the graded
Betti numbers of R̄/J̄ by the inductive hypothesis. In particular,

[torR̄i (R̄/J̄, k)]j 6= 0⇔

 j = ia and i ≤ bn+1
2 c,

j = −`(n− 1, a)− (n− 1) + (n− 1)a+ i− 1,
j = −`(n− 1, a)− (n− 1) + (n− 1)a+ i− 2 (possibly)

and

[torR̄i (R̄/J̄ , k)]ia = βia(n) if i ≤ bn− 1
2
c.

An easy calculation shows that

`(n, a) + i− 1 < −`(n− 1, a)− (n− 1) + (n− 1)a+ i− 2

and

`(n, a) + i− 1 < ia⇔ i > t(n, a),

which together with the fact that reg (A/LA) = `(n, a)+1 tell us that the values of j
given in parts (a) and (b) of the claim are the only ones where [torR̄i (A/LA, k)]j 6= 0.
The precise values of βi(n) are given by the free R̄-resolution of R̄/J̄ , and the precise
values of αi(n, a) then follow from a calculation involving the Hilbert function of
A/AL and the exactness of the R̄-resolution.

It follows from the above claim that A/LA has a minimal free R̄-resolution of
the form

0→ R̄(−`(n, a)− n+ 1)αn−1(n,a) → · · · → R̄(−`(n, a)− t(n, a)− 1)αt(n,a)+1(n,a)

→

 R̄(−t(n, a)a)βt(n,a)(n)

⊕
R̄(−`(n, a)− t(n, a))αt(n,a)(n,a)

→ · · · →
 R̄(−a)β1(n)

⊕
R̄(−`(n, a)− 1)α1(n,a)


→ R̄→ A/LA→ 0.

Now we take the now-known resolution for A/LA and plug the values into Propo-
sition 5.1. When n is odd we obtain (the other two cases are similar), after a
calculation, that:

If 1 ≤ i ≤ t(n, a), then

[torRi (A, k)]j =


βi(n) if j = ia,
≤ αi(n, a) if j = `(n, a) + i,
≤ αn−i(n, a) if j = `(n, a) + i+ 1,
0 otherwise;
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if n−1
2 ≥ i > t(n, a), then

[torRi (A, k)]j =

 ≤ αi(n, a) if j = `(n, a) + i,
≤ αn−i(n, a) if j = `(n, a) + i+ 1,
0 otherwise;

and by symmetry (since G is Gorenstein), we compute [torRi (A, k)]j for n+1
2 ≤ i ≤

n− 1.
From the Hilbert function and the above considerations we can compute that the

number of minimal generators of G in degree `(n, a) + 1 is precisely α1. So we have
equality for [torR1 (A, k)]`(n,a)+1. But then by symmetry (since G is Gorenstein), we
get equality for [torRn−1(A, k)]`(n,a)+n.

Finally, (3.1) gives the claimed free R-resolution of R/I after splitting off the
summands of the left half part of the resolution, since they correspond to minimal
generators of J and syzygies involving these minimal generators. When n and
s(n, a) are both even, this resolution is clearly minimal.

Example 5.5. Suppose n = 4. Notice that the case a = 2 is covered by Corollary
3.10, the case a = 3 by Corollary 3.16, the case a = 4 by Example 5.2, and the case
a = 5 by Example 5.3. So suppose that a ≥ 6 and assume that a is even. Then

s = s(4, a) = 3a− 4,

` = `(4, a) =
3a− 4

2
,

t = t(n, a) = 1,

α1 = α1(4, a) =
(
`+ 3

2

)
− 4
(
`+ 3− a

2

)
,

α2 = α2(4, a) = −
(
`+ 4

2

)
+ 4
(
`+ 4− a

2

)
+ 3α1,

α3 = α3(n, a) = α2 − α1 − 3,

and R/I has a minimal free R-resolution

0→ R (` + 1− 4a)α1+α3 → R (`+ 2− 4a)2α2 →

 R(−2a)10

⊕
R (`+ 3− 4a)α1+α3


→ R(−a)5 → R→ R/I → 0.

It should be clear from the above considerations that for any values of n and
of d1, . . . , dn+1, we can say quite a bit about the minimal free resolution using our
methods, and that in some cases we can give the precise resolution. This is of course
the most desirable, and interesting, situation. It is also clear that the notation gets
progressively more cumbersome as n grows. As a middle road, we show that the
precise minimal free resolution can be obtained when n = 4 and when we have only
one peak, otherwise allowing the values of the di to be arbitrary.

Theorem 5.6. Assume that n = 4. Let I = (G1, . . . , G5) be a general almost
complete intersection of type (d1, . . . , d5) and assume that

∑5
i=1 di is even, with



ON THE MINIMAL FREE RESOLUTION OF n+ 1 GENERAL FORMS 33

2 ≤ d1 ≤ · · · ≤ d5 ≤
∑4
i=1 di − 4. (The latter condition only assures that I is not

a complete intersection.) Then the minimal free resolution of R/I can be obtained
by the above procedure, and is explicitly given in the proof below.

Proof. Let J = (G1, . . . , G4) and let G = [J : I] as usual. We have d =
∑4

i=1 di,
s = d − d5 − 4 and ` = s

2 . Note that we are in the case of one peak, which occurs
in degree `. We have seen in Lemma 2.6 that hR/G(t) = hR/J (t) for t ≤ `.

Let L be a general linear form and let A = R/G. For a numerical function f ,
we again denote by ∆f the first difference function ∆f = f(t)− f(t− 1) for t ∈ Z.
By the Weak Lefschetz property for A (Corollary 2.7), we get

hA/LA(t) =
{

∆hR/J (t) for t ≤ `,
0 for t > `.

In particular, the regularity of A/LA is `+ 1.
Let R̄ = R/(L) and J̄ = J+(L)

(L) . Let f = d1 + d2 + d3. If d4 ≤ d1 + d2 + d3 − 3,
then a free R̄-resolution for R̄/J̄ is given by

0→ F∨1 (−f)→

 ⊕3
i=1 R̄(di − f)
⊕

F∨2 (−f)

→ 4⊕
i=1

R̄(−di)→ R̄→ R̄/J̄ → 0(5.1)

(with all splitting off as described in Theorem 4.2). If d4 > d1 + d2 + d3 − 3, then
J̄ is a complete intersection; this case is easier, and we leave it to the reader.

Our first task is to describe the minimal free R̄-resolution ofA/LA. SinceGt = Jt
for t ≤ `, we have that R̄/J̄ ∼= A/LA in degrees ≤ `, and hA/LA(t) = hR̄/J̄(t) for
t ≤ `. Since the regularity of A/LA is `+ 1, we have

[torR̄i (A/LA, k)]j =

 [torR̄i (R̄/J̄, k)]j , j ≤ `+ i− 1,
?, j = `+ i,
0, j > `+ i.

(5.2)

We have seen that there may be overlap (“ghost terms”) in the minimal free reso-
lution of R̄/J̄, but these have been completely described in terms of the di. They
are all contained in the first line of (5.2). No further overlaps can arise from the
second line.

Since A/LA ends in degree `, we have in particular that

[torR̄3 (A/LA, k)]`+3 = hA/LA(`)
= ∆hR/J (`) := b3.

Using Proposition 4.1, Theorem 4.2 and the resolution (5.1), it is tedious but pos-
sible to check that

[torR̄3 (R̄/J̄ , k)]j = 0 for j ≤ `+ 2.

Combining the above, we obtain a precise description of [torR̄3 (A/LA, k)]j for all j.
Again using Proposition 4.1, Theorem 4.2 and the resolution (5.1), we get that

if j ≤ `+ 1, then there is only one possibility for [torR̄2 (R̄/J̄ , k)]j 6= 0:

[torR̄2 (R̄/J̄ , k)]j 6= 0 ⇔ j = f − d3 ≤ `+ 1
⇔ d1 + d2 + d5 + 2 ≤ d3 + d4.

Notice that even if f − d3 = `+ 1, there is an overlap in the resolution which does
not split off. This comes from Theorem 4.2. Such a summand corresponds to a
nontrivial syzygy of generators of lower degree.
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Therefore A/LA has the following minimal free R̄-resolution:

0→ R̄(−`− 3)b3 →

 R̄(d3 − f)a2

⊕
R̄(−`− 2)b2

→
 ⊕4

i=1 R̄(−di)a
i
1

⊕
R̄(−`− 1)b1

(5.3)

→ R̄→ A/LA→ 0,

where

a2 =

{
1 if f − d3 ≤ `+ 1,
0 otherwise,

ai1 =

{
1, if di ≤ `,
0, otherwise,

and b2, b1 are determined by the exactness of the above exact sequence (use the
equation involving only ranks and the equation involving the first Chern classes).
Note that b3 was defined above.

Now we take the now-known R̄-resolution of A/LA and plug the values into
Proposition 5.1. Note that α is what we now are calling ` (because there is only
one peak), and in fact α = ` = s− α. Then, we have[

torRi (A, k)
]
j

=



[
torR̄i (A/LA, k)

]
j

if j ≤ ` + i− 2,

≤
[
torR̄i (A/LA, k)

]
j

+
[
torR̄4−i(A/LA, k)

]
2`+4−j

if `+ i− 1 ≤ j ≤ `+ i+ 1,[
torR̄4−i(A/LA, k)

]
2`+4−j

if j ≥ `+ i + 2.

Now, using this fact together with the fact that A and R/J agree in degree ≤ `,
plus the symmetry of the resolution, we get that the minimal free R-resolution of
R/G has the form

0→ R(−2`− 4)→

 ⊕4
i=1R(di − 2`− 4)a

i
1

⊕
R(−`− 3)≤b1+b3

→


R(d3 − f)a2

⊕
R(−`− 2)≤2b2

⊕
R(f − d3 − 2`− 4)a2



→

 ⊕4
i=1 R(−di)a

i
1

⊕
R(−`− 1)≤b1+b3

→ R→ R/G→ 0.

(We are also again using the fact that if d3− f = `+ 1, then this syzygy represents
a minimal syzygy of forms of lower degree, and cannot be split off.)

We now claim that the above inequalities are in fact equalities. Indeed, we know
that A and R/J agree up to degree `. Let us denote by J≤` the ideal generated
by the components of J in degree ≤ `. Note that J≤` is a complete intersection of
height < 4; hence depth R/J≤` ≥ 1. It follows that we need b1 minimal generators
in degree ` + 1 in order to bring dim(R/J≤`)`+1 down to the level of dimA`, and
then another b3 generators to bring it down to the level of dimA`+1 (= dimA`−1).
Therefore we have the first and third free modules. The equality for the second
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free module is exactly obtained from the ranks of the minimal free resolution (5.3).
Therefore we have the precise minimal free resolution of R/G.

To compute the minimal free R-resolution of R/I, note that we have linked using
G1, G2, G3 and G4, and that Gi is a minimal generator of G if di ≤ ` or if di = `+1.
Therefore, using (3.1), we see that for any i such that di ≤ ` + 1 we can split off
a summand R(di − d) from the end of the resolution of R/I, and the remaining
resolution is minimal. The fact that no further splitting off occurs follows as in the
first part of the proof of Theorem 4.2.

Example 5.7. Let (d1, . . . , d5) = (3, 3, 4, 6, 6). Then the above proof tells us that
a minimal free resolution for R/G is

0→ R(−10)→

 R(−6)17

⊕
R(−7)2

→ R(−5)36 →

 R(−3)2

⊕
R(−4)17

→ R→ R/G→ 0

and a minimal free resolution for R/I is

0→ R(−12)16 →

 R(−10)
⊕

R(−11)36

→


R(−6)
⊕

R(−7)2

⊕
R(−9)4

⊕
R(−10)18


→


R(−3)2

⊕
R(−4)
⊕

R(−6)2


→ R→ R/I → 0.

Notice that all the summands R(−6), R(−7) and R(−9) are Koszul, but that there
is also an R(−10) that does not split off.

We observe that all of the examples where redundant (“ghost”) terms occurred
were cases where the degrees were not all the same. In contrast, Corollary 4.4 and
Theorem 5.4 at least suggest – and prove some cases – of the following conjecture:

Conjecture 5.8. Let I ⊂ R = k[x1, . . . , xn] be the ideal of d > n generically
chosen forms of the same degree. Then there is no redundant term in the minimal
free resolution of R/I. Consequently, the minimal free resolution is the minimum
one consistent with the Hilbert function, whose conjectured value is given by R.
Fröberg.

Note that the first syzygy case of this conjecture was proved by M. Hochster and
D. Laksov [19].
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